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Answer all groups as per instructions.
Figures in the right hand margin indicate marks.
The symbols used have their usual meaning.

GROUP - A

1. Answer all questions and fill in the blanks as required.  [1 %12

(a) A metric space (X, d) is said to be if every cauchy
sequence in X is convergent.

(b) The intersection of any finite family of open sets is open. (True
| False)

(c) Let (X, d)be a metric space and A, B be subsets of X. Then
which is true.

(i) (AnBY=A"nB°
(i) (AuBPcA’U B
(i) AnB=ANB

(iv) None of these

P.T.0.



[2]

(d) Theirrationals in IR are of category

(e) In discrete metric space (X, d), if x, y € X and x # Y, then
dix,y)=___ .

(f) IfAis aclosed subset of metric space (X, d), then A=

(g) Apointx e Xis called a fixed point of the mapping T : X > X
if T, =
X S

(h) Q < IR is a connected set. (True / False)

is continuous

1
(i) The function f: (0, 1) = IR defined by f(x) = ”

but not bounded on (0, 1). (True / False)
(i) C[0,1] stands for what ?

(k) Every compact metric space X is separable. Is it True of
False ?

() Let f be a continuous function from a compact metric space
(X, dx) into a metric space (Y, dY). Then the range f(X) of fis
also

GROUP - B

2. Answer any eight questions. [2x8
(a) Define open ball and closed ball.
(b) Prove that, let (X, d) be a metric space and A and B be sub-

sets of X, then Ac B = A% = B,
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Answer any eight questions.

(a)

(b)

[3]

Show that the set Z of integers is a closed subset of the real
line.

Prove that the empty set ¢ is both open and closed.
Define continuous function on a metric space.
Define uniform convergence of an sequence.
Define nowhere dense subset.

Prove that, if Y is a connected set in a metric space (X, d)
then any set ZsuchthatY cZc Y is connected.

Define compact metric space.

State contraction Mapping Principle.

GROUP - C

(3 %8

Let (X, d) be a metric space. Show that any intersection of

closed sets is closed.

Prove that in any metric sapce (X, d), each open ball is an
open set.

Let (X, d) be a metric space and Y a subspace of X. Let
7z e Yandr>0.Thenprove that S, (z, 1) = Sy(z, 1N Y, where
S.(z, r)and Sy(z, 1) denote the ball with centre z and radius

rin'Y and in X respectively.

P,T.O.



[4]

c space (X, d). Then prove

(d) LetY bea subspace of a metri
Y is also open in Xif and

that every subset of Y that is openin
only if Y is openin X.

(e) Prove that in any metric space, there is a countable base at

each point.

(f) Letf:R— Chbe defined by f(x) =X+ ix2. \erify that f is

continuous at x = 2.

be metric spaces and let

(g) Let (X, dy), (Y, dy) and (Z, d,)
hat the compo-

f-X—>Yandg:Y—>Zbe continuous. Prove t
sition map gof is a continuous map from X to Z.

(h) Prove thatAmapping f: X — Y is continuous on X, then f(F)

is closed in X, for all closed subsets F of Y.

(i) LetKc Rboth closed and bounded and M = sup K, m =inf
K. Then prove that M and m are in K.

() Let(X d)bea metric space and (X, d) is disconnected then
prove that there exist two nonempty disjoint subsets Aand B

both open in X, such that X=AU B. |

GROUP - D
4, Answer any four. [7x4

(a) State and prove Cantor’s theorem.

(b) Show that, let (X, d) be metric space and F < X. Then the
following statements are equivalent.
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(i) xeF
(i) S(x, &) N F = ¢ for every open ball S(x, £) centred at x.

(i) 3, aninfinite sequence {x_} of points of F such that x_ — X

(c) State and prove Baire'’s category theorem.

(d) Show that, if (X, d) be a metric space. The following state-
ments are equivalent.

(i) (X, d)is separable.

(ii) (X, d) satisfies the second axiom of countability.

(i) (X, d)is Lindelof.

(e) A mapping f: X =Y is continuous on X if and only if Y(G)is
open in X for all open subsets G of Y.

(f) Let {fn}nz1 a sequence of functions defined on a metric space
(X, dy) with values in a complete space (Y, d,). Then prove
that there exists a function f: X — Y such that f — f uni-
formly on X. If and only if following condition is satisfied for
every € > 0, there exists an integer n, such that m, n 2 n,
implies d,(f_(x), f (x)) <€ forevery x e X.

(g) Let (X, d) be a metric space and Y a subset of X. If Y is a
compact subset of X, then prove that Y is closed and bounded.
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